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In this note, we explore the relation between crossing symmetry and modular invariance in con- 
formal field theory and S-duality in gauge theory. It is shown that partition functions of different S 
dual theories of A'' = 2 SU (2) gauge theory with four fundamentals can be derived from the crossing 
symmetry of the Liouville four point function. We also show that the partition function of A = 4 
5(7(2) gauge theory can be derived from the Liouville partition function on torus. 

PACS numbers: 



I. INTRODUCTION 

Historically, string theory is originated as an attempt 
to provide a theory of strong interactions. The famous 
Veneziano amplitude is shown to be derivable from the vi- 
brating string which sweeps out a two dimensional world 
sheet in space time. The scattering amplitude is calcu- 
lated from the correlation function on the Riemann sur- 
face which can be regarded geometrically as punctured 
Riemann surface. Two dimensional conformal field the- 
ory (CFT) plays a central role in the development of the 
string theory. The most important dynamical principle of 
this approach [1,] is the associativity of the operator prod- 
uct expansion (OPE) which in turn leads to the crossing 
symmetry of the four particle scattering amplitude. This 
crossing symmetry is the underlying reason to eliminate 
the high energy divergences of tree level diagrams. On 
the other hand, modular invariance of the one-loop par- 
tition function of conformal CFT leads a miraculous way 
to eliminate high energy divergences of one loop diagrams 
in string theory. 

Furthermore, people were trying to understand the 
strong coupled dynamics of four dimensional quantum 
field theory from the Srong-Weak duality (S dualtiy) of 
the quantum field theory itself 0, During the past 
two decades, we gained a lot of understandings about 
four dimensional gauge theories from the S dualities j^. 
S dualities are also related to Geometric Langlands Du- 
ality [|. 

These two seemingly unrelated subjects arc put to- 
gether by Gaiotto's observation [1, 0| on A^ = 2 super- 
conformal field theory (SOFT) (see recent developments 
in (@,i,|i3,[iil,[ll,[il[ll)- It is shown that four dimen- 
sional N = 2 SOFT can be realized as six dimensional 
(0, 2) theory compactified on a punctured Riemann sur- 
face. The coupling constants are determined by the com- 
plex structure of this punctured Riemann surface while 
different S dual frames are determined by various de- 
generation limits of this surface. The flavor groups are 
determined by the puncture types which are labeled by 



Young Tableaux. Everything about the gauge theory is 
encoded into this punctured Riemann surface. Recalling 
our discussion about the conformal field theory, it is nat- 
ural to wonder if there is any connection between those 
two subjects. 

AGT [is'l proposed a remarkable conjecture that for 
SU{2) theory the partition function of the gauge theory 
is equivalent to the correlation function of the Liouville 
theory. Liouville theory falls into the general framework 
of CFT [l^. One may wonder why a four dimensional 
theory can be equivalent to a two dimensional theory. 
This might be related to a remarkable property of the 
Liouville theory: the central charge is adjustable. Then 
the degrees of freedom of Liouville theory is rather myste- 
rious and makes a four dimensional correspondence pos- 
sible. 

It is interesting to further explore the correspondence 
between gauge theory and Liouville theory. In this note, 
we make the observation that we can determine the trans- 
formation law under S-duality of the partition function 
of A^ = 2 gauge theory with four fundamentals from the 
crossing symmetry of the Liouville four point function. 
The transformation law for A'' = 4 SU{2) theory under 
S-duality can be determined similarly from the one-loop 
partition function of Liouville theory. 



II. CROSSING SYMMETRY AND MODULAR 
INVARIANCE IN CONFORMAL FIELD THEORY 

Let's first review how the dual string model was pro- 
posed [13] ■ Consider an elastic scattering amplitude with 
incoming spinless particles of momentum pi , p2 and out- 
going spinless particles of momentum of ps , p4 (see Figure 
1). The conventional Mandelstam variables are 



-(Pl+P2)^, t=-{p2+P3.f 



ipi+Pif. (1) 



Consider first the t channel contribution. There are 
various particles with mass Mj and spin J which might 
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FIG. 1: An elastic scattering with incoming particles of mo- 
mentum pi, p2 and outgoing particles of momentum ps, p4. 
We indicate the contribution from s channel and t channel. 
The field theory amplitude is constructed from the sum of 
those contributions. 

be exchanged: 

■^(Mj^-Uffc^. (2) 

J J 

We have the following similar amplitude if we consider s 
channel: 

.7 J 

Two remarkable properties of the scattering amplitude 
are that the above sums are infinite and these two am- 
plitudes are equal to each other A{s,t) — A {s,t). The 
last property which is called s — t duality motivates the 
proposed Veneziano amplitude. 

It is well known that the Veneziano amplitude can be 
derived from two dimensional (world sheet) string theory. 
The infinite sum is due to the infinite number of states in 
mass spectrum. The s — t duality is simply the crossing 
symmetry of the four point function of conformal field 
theory. This crossing symmetry is also equivalent to the 
associativity of the OPE on the world sheet: 

A,(C)A,(0)=5]C^(C)Afe(0). (4) 

fe 

We briefly summarize some properties of CFT. The 
Virasoro algebra is 

^ 2 

[Ln,Lm] — Lm+n + -^n{n ~ l)5n+^nfl^ (5) 

here c is the central charge and Lm are generators of 
conformal symmetry. The representations of this algebra 
are labeled by primary states which satisfy: 

LolK. >= A„|14 >, L„|14>=0, n>0, (6) 

Aq, is the conformal dimension of this primary state. The 
other states of this representation are represented as: 

L_fc„i_fe„_,....L_fcJI^„ >, (7) 

here fc„ > fc„_i... > fci. These secondary states have 
conformal weights A = Aq + here \Y\ is the total 




FIG. 2: Crossing symmetry of four point function in confor- 
mal field theory. 

boxes of the Young Tableaux with rows fci, ...fc„. The cor- 
relation functions involving the energy momentum ten- 
sor and secondary states are expressed by the correlation 
functions of the primary states. 

The OPE of two primary states are given as [3|: 

Cl^miz, Z)0„(O, Q)=Y. Cj;™^^""^"^^" 
P 

-A,-A„-A,„^^(^^-|0^0)_ (8) 

The most important dynamical information are and 
the conformal dimensions. 

The four point function has the form 

G^^^{x,x) =< k\(t>i{l,l)(t>n(x,x)\m >, (9) 

here we fixed the positions of three vertex operators as 
0,1,00 and x is the projective invariant variable. The 
crossing symmetry is 

X X 

(10) 

Using OPE of 4>n4>m, the four point function is 

Gtnix, X)^Y1 <rnClkpFii,ip\x)F^i,ip, x) , (11) 
P 

here F is the conformal block which is entirely deter- 
mined by the conformal symmetry(we give the s channel 
contribution) . The crossing symmetry relates the contri- 
butions of different channels (see for instance Figure 2): 

Next let's consider the one- loop partition function de- 
fined on a torus: 

^w = E'?''"'^''9'""'(-i)^'' (12) 

i 

here i runs over all the states in CFT and Fi is the 
fcrmion number, q — exp*^27rjT). It is well known that 
this partition function is needed to be invariant under 
the SL{2, Z) modular group transformation of the torus. 
The high energy density states of this theory is deter- 
mined by the central charge for compact unitary confor- 
mal field theory. For Liouville theory, there is a modifi- 
cation to this result, see (T8| . 
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FIG. 3: Different degeneration limits of the punctured sphere, 
this corresponds to different weakly coupled S-dual theory of 
N = 2 SU (2) gauge theory with four fundamentals. 



III. SUPERCONFORMAL FIELD THEORIES IN 
FOUR DIMENSIONS 

It is proposed in 0, Q that a strongly coupled gauge 
theory can be described by a weakly coupled theory in 
which the elementary particles are the monoples of the 
original theory. This proposal is naturally realized in 
A'^ = 4 supersymmetric gauge theory and is extended 
to a SL{2,Z) duality group. Later, D = A N = 2 
SU{2) gauge theory with four fundamental hypermul- 
tiplets has also been shown to have the SL{2, Z) duality 
Gaiotto found an extremely useful way to describe 
the gauge structure of different S-dual frames of this the- 
ory. We use the SU{2)a(S) SU{2)b(S) SU{2)c^ SU{2)d 
subgroup of full SO{8) flavor group. This theory can be 
realized as the six dimensional (0, 2) Ai theory compacti- 
fied on a sphere with four punctures. The different S dual 
frames are realized as the different degeneration limits of 
this punctured sphere, see Figure 3. The Seiberg-Witten 
(SW) curve of this theory is written as 



{z - l){z - q)z' 



(13) 



we have fixed the positions of three punctures and left 
an unfixed puncture which is identified with the gauge 
coupling constant. The SW curve for the mass deformed 
theory is = 4>2{z), where 



U2{z) 



z2(z- l)2(z-g)2 z{z-l){z-qy 



(14) 



For each puncture, we associate a mass parameter 
'nia,b,c,d to it; the physical masses of the fundamentals 
are given by 

mi^2 = ma±rrn,, m^^i = mc±md. (15) 

The partition function of this theory on 5*^ is given by 



Mi 



1 



(a, a) 



(16) 

Here a is the parameter for the Coulomb branch and r is 
the radius of the sphere. The 1-loop part is given by: 



H{2a)H{-2a) 



(17) 



Here H{x) is given by Barnes's G functionf20'| H{x) = 
G(l -I- x)G{l — x); rrii is the mass parameters for the four 
fundamentals and a is the Coulomb branch parameter. 
The instanton part of the partition function is identi- 
fied with the Nekrasov instanton partition function (2l| 
2^mst(ei, £2, a). Notice that for the case ei—e2 = ^- 
Next, let's study the = 4 SU(2) theory. It is given by 
the six dimensional Ai theory compactified on a smooth 
torus. The SL{2, Z) duality of the gauge theory is inter- 
preted as the SL{2, Z) modular invariance of this torus. 
The full partition function of this theory is of the same 
form as formula It is interesting to note that for 

N — 4 U{M) gauge theory the one-loop part is trivial 
Zi-ioop = 1 and the full partition function for U{M) 
gauge theory is: 



Z^C-. 



1 



|ry(T)pM(2^^) 
where ?7(t) = YikLii^ " 9 = 



M ■ 



(18) 



IV. S DUALITY FROM THE CONFORMAL 
FIELD THEORY 

AGT [l^ made a conjecture that the full partition 
function of the above = 2 SU{2) SCFT is equiva- 
lent to the correlation function of Liouville theory. It is 
shown in [l^ that the instanton part of the gauge the- 
ory partition function is equal to the conformal block of 
the correlation function and the one-loop part and clas- 
sical part correspond to the structure constant part of 
the correlation function. It is also argued that the en- 
ergy momentum tensor of Liouville theory is related to 
the operator (I14p (this can be seen from the classical uni- 
formization problem with the punctured sphere). 

The relation between the deformation parameters and 
the parameters in Liouville field theory is 



ei = 5, £2 = ^: 



(19) 



here ei and 62 are the deformation parameters in 
Nekrasov's instanton partition function. Notice that in 
order to use the partition function on S*, we need to set 
6=1. 

We associate a exponential vertex operator e"*"^ to 
each puncture. We also associate a intermediate state 
e°"^ to weakly coupled SU{2) group with Coulomb pa- 
rameter a. The exact relations between the parameters 
in gauge theory and Liouville theory are 



Q 



Q 



Q 



ai = ma+ — , a2 = mi,, a = a+ — , as = 771^+ — , 04 = to^. 

Here Q is the conventional parameter for the Liouville 
theory Q = b + j;. See Figure 4 for the correspondence. 

Now the crossing symmetry ((TU)) of CFT states that 
the correlation function of different channels are related. 
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FIG. 4: On the left hand side is the Riemann surface asso- 
ciated with the SU{2) gauge theory in one particular S dual 
frame, the Coulomb branch parameter is a. One the right 
hand side, we draw the s channel contribution to the four 
point function of Liouville theory. 



When we consider the gauge theory, the different chan- 
nels mean different S dual frames (see Figure 3). With 
the identification between the partition function of gauge 
theory and correlation function of CFT, we conclude 
that: 

The partition function of this four dimensional SCFT 
in different S dual frames are related as in formula (fTO)) . 
Notice that the gauge coupHng is identified with the posi- 
tion of the unfixed coordinate of the vertex operator, and 
the second identity in pO)) relates theories with gauge 
couplings q = K So this identity implies that the par- 
tition function of one strongly coupled theory is deter- 
mined by another weakly coupled theory as predicted by 
S-duality! We have determined the exact relations be- 
tween them from Liouville theory. 

Next let's consider = 4 SU{2) theory, then we are 
tempting to identify the gauge theory partition function 
with the partition function of Liouville theory, the Liou- 
ville partition function can be calculated from 



Z{t) = V0 



1 



2vrV^h(r)|2 



(20) 



here is the zero mode contribution and is independent 
of r, this is identified with the gauge theory partition 
function; we also need to identify a = 1 + a for inter- 
mediate state and the gauge coupling is = T2 which 
is consistent with our previous identification. Compar- 
ing to (fT8|) with M — 2, we can see that the U{1) part 
contribution to gauge theory partition function is 



c 



1 



2^V^h(T)|2 



(21) 



This result can be generalized to SU{N) case in which 
the Atv-i conformal Toda field theory is involved. The 
one- loop partition function of An-i theory is equivalent 
to — 1 free scalars so the partition function has a fac- 
tor „_ /^i,„LM9^r-9 , comparing with p^ . the U{1) part 

1 



27i-V^|jj(t)|2« 

contributes a factor 



2vryrJ|,,(T)P 



V. CONCLUSION 

In this note, we derive the transformation law for the 
partition function of certain SU(2) SCFT under the S du- 
ality transformation from Liouville theory point of view. 
It is easy to generalize to higher rank gauge theory (for 
higher rank gauge theory, the CFT side is the conformal 
Toda field theory [H). 

Consider a six dimensional (0, 2) theory compactified 
on a punctured Riemann surface S, we get a four dimen- 
sional gauge theory on a four manifold M; on the other 
hand, we can first compactify six dimensional theory on 
a four manifold M (with possible singularities), we can 
get a CFT on S. It is interesting to identify S and M 
and the corresponding gauge theory and conformal field 
theory. We may also have the beautiful correspondence 
between gauge theory and CFT. 

Finally, Liouville theory plays a fundamental role in 
non-critical string theory , and it has interesting applica- 
tion to cosmology [23|. Any understanding of the dynam- 
ics of the theory is interesting. The dynamical informa- 
tion of the theory is encoded in the structure constant of 
the theory. This can be calculated from the one-loop part 
of the partition function. It is interesting to see what we 
can learn from gauge theory about the property of Li- 
ouville theory, for instance: the spectrum, the Seiberg 
bound... 
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